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1. INTRODUCTION 
The purpose of this paper is to determine the structure of Buchsbaum 
rings with multiplicity 2. Let A be a Noetherian local ring with dim A = d 
and m the maximal ideal of A. Then A is called Buchsbaum if the difference 
IA (A/q) - eA (4) 
is an invariant Z(A) of A not depending on the particular choice of a 
parameter ideal q, where l,(A/q) and e,(q) denote the length of A/q and the 
multiplicity of A relative to q, respectively. This is equivalent to the 
condition that every system a,, a, ,..., ad of parameters for A is a weak 
sequence, i.e., the equality (a, ,..., aJ: ai+ i = (a, ,..., ai): m holds for every 
0 Q i < d (cf. [ 141). Clearly every Cohen-Macaulay local ring A is 
Buchsbaum with Z(A) = 0 and vice versa. In this sense the concept of 
Buchsbaum rings is an extension of that of Cohen-Macaulay rings and has 
its root in an answer of Vogel [ 161 to a problem of Buchsbaum [ 1, see 
p. 228). 
The theory of Buchsbaum singularities is now developing and one may 
consult [4, 6, 14, 151 about fundamental results on Buchsbaum local rings. 
Here we note that if A is Buchsbaum, the local ring A, is a Cohen-Macaulay 
ring with dim A, = d - dim A/p for every prime ideal p of A (p # m). 
Moreover the local cohomology modules &(A) (i # d) are vector spaces 
over A/m, i.e., m . H;(A) = (0) and one has the following equality 
. h’(A), 
where h’(A) denotes the dimension of H;(A) as a vector space over A/m (cf. 
[ 10, Satz 21). Numerous examples of non-Cohen-Macaulay Buchsbaum 
rings have been discovered (cf. [5]). 
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In the next section we will prove the following theorem, which plays a key 
role in our purpose together with the main result of the author [2]. 
THEOREM 1.1. Suppose that A is a Buchsbaum ring with multiplicity 2 
and dim A = d > 2. Then 
h’(A)=0 (i#O, l,d) and h’(A) < 1. 
In particular, if depth A > 2, A is a Cohen-Macaulay ring. 
Let v(A) (resp. e(A)) denote the embedding dimension (resp. the multiplicity) 
of A. Then as a consequence of Theorem 1.1 we have 
COROLLARY 1.2. With the same assumption as Theorem 1.1 suppose 
that A is not a Cohen-Macaulay ring. Then v(A) = 2d if depth A > 0. 
In case A is Buchsbaum it is known that 
v(A)<e(A)+dimA+I(A)- 1 
(cf. [3, 3.81) and A is said to have maximal embedding dimension if v(A) = 
e(A) + dim A + I(A) - 1. Provided there exist elements a,, a,,..., ad of m 
such that m’+’ = (a,,..., ad) m’ for some r > 0 (this condition is always 
satisfied if the field A/m is infinite; see, e.g., [ 11, 2.2 Theorem, Chapter 2]), a 
Buchsbaum ring A has maximal embedding dimension if and only if one may 
take r = 1 (cf. (3.8) of [3]; see also [ 121 and 3.8 Theorem of [ 11, 
Chapter 21). Corollary 1.2 guarantees that every Buchsbaum ring A with 
multiplicity 2 has maximal embedding dimension if depth A > 0. This is not 
true in general unless depth A > 0 (cf. (2.8)). Certain properties of the 
associated graded ring G(A) = Oi>,, mi/mit’ and the Rees algebra R(A) = 
@i,O mi of Buchsbaum rings A with multiplicity 2 will be discussed also in 
this section. 
In Section 3 there are given five (essentially four) kinds of examples of 
Buchsbaum non-Cohen-Macaulay rings with multiplicity 2 and in the final 
section we will prove that every non-Cohen-Macaulay Buchsbaum ring A 
with multiplicity 2 is isomorphic to one of them, provided A is complete and 
equicharacteristic with depth A > 0. 
Throughout this paper let A denote a Noetherian local ring with maximal 
ideal m and dim A = d. Hk(.) will always stand for the local cohomology 
functors. 
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2. PROOF OF THEOREM 1.1 
First we note 
LEMMA 2.1. Suppose that dim A = 1. Then A is a Buchsbaum ring if 
and only if m . H:(A) = (0). 
Proof: See [ 141. 
We put Assh A = (p E Spec A/dim A/p = dim A ). 
LEMMA 2.2. Suppose that A is a Buchsbaum ring with dim A > 0. Then 
Assh A = Ass A\(m). 
Proof See, e.g., [6, (2.6)(l)]. 
Recall the following additive formula of multiplicity and characterization 
of regular local rings, which we shall use in the sequel. 
PROPOSITION 2.3 [8]. (1) e(A) = CPEASShA e(A/p) . Z(A,). 
(2) A is a regular local ring ifand only ifA is unmixed with e(A) = 1. 
Now we begin with 
LEMMA 2.4. Let R be a regular local ring of dimension r (r > 2) and I 
an ideal of R. Suppose that R/I is a Buchsbaum ring with dim R/I = r - 1. 
Then 
h’(R/Z) = 0 (i#O,r- 1) and h’(R/I) < 1. 
Proof Let n denote the maximal ideal of R and let I= n,,,,,,,,,Z(p) 
be a primary decomposition of I. As 
U(Z) = n I(P) 
poAs~~R/IsuchthatdimR/p=r~l 
is an unmixed ideal of R with height 1 we may express U(Z) = aR for some 
a E R. If depth R/I > 0, we get Z = aR since U(I) = I by Lemma 2.2 and 
therefore R/I is a Cohen-Macaulay ring in this case. 
Now assume that depth R/I = 0 and put J= Z(n), i.e., I= aR f3.K Then 
because I = a(J : a) one has an exact sequence 
O+R/J:a+R/I-+R/aR-+O 
of R-modules. As RIaR is a Cohen-Macaulay ring of dimension r - 1 and 
as dim R/J : a = 0, the result comes after applying the functors H’,(.) to this 
sequence. 
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LEMMA 2.5. Let A be a two-dimensional Buchsbaum local ring with 
multiplicity 2 and depth A = 1. Suppose that A is not an integral domain. 
Then h’(A) = 1. 
Proof: We may assume that A is complete. First recall that Ass A = 
AsshA (cf. (2.2)) and we have an identity 
2 e(A/p) . l(A,) = 2 (#> 
PEASSA 
by Proposition 2.3(l). Hence # Ass A < 2. 
Case 1. # Ass A = 2 and Ass A = { p1 ,p2}. A/pi is a regular local ring 
with Api a field by the equation (#) and Proposition 2.3(2). Hence A is a 
reduced ring as A satisfies conditions (S,) and (R,) (cf. Introduction). 
Consider the exact sequence 
O-A-+A/p,OA/p,+B=A/p,+p,+O 
of A-modules and we get H;(A) = H:(B) since A/p, 0 A/p, is a Cohen- 
Macaulay A-module of dimension 2. From this it follows that h’(A) = 1 in 
case dim B = 0. Assume that dim B = 1. Then B is a Buchsbaum ring by 
Lemma 2.1 and so one has that ho(B) = 1 by virtue of Lemma 2.4 since B is 
a homomorphic image of a regular local ring R = A/p, of dimension 2. 
Therefore we get h’(A) = 1 also in this case. 
Case 2. Ass A = {p} with p # (0). First recall that R = A/p is a regular 
local ring with l(A,) = 2 by (#). Hence we see that p2 = (0) and that PA, is 
a non-zero principal ideal of A,. Let us regard p as an R-module. Then as p 
is a torsion-free R-module of rank 1, p is isomorphic to an ideal Z of R, i.e., 
there is an exact sequence 
O+p+R+RIZ+O 
of R-modules. From this we find Hk(R/Z) = H;(p) and hence we get 
H;(R/Z) = Z-Z;(A) as H;(p) = H;(A). Thus h’(A) = 1 if dim R/Z= 0. In 
case dim R/Z = 1, R/Z is a Buchsbaum ring by Lemma 2.1 and therefore we 
get h’(R/Z) = 1 by Lemma 2.4 as R is a regular local ring of dimension 2. 
This implies h’(A) = 1 as required. 
In order to prove Theorem 1.1 we need one more result. 
DEFINITION 2.6 (cf. [2, Theorem (l.l)]). Let Q(A) be the total quotient 
ring of A and assume that d = dim A > 2. Then the following conditions are 
equivalent. 
(1) A is a Buchsbaum ring and H;(A) = (0) (i # 1, d). 
(2) There is an intermediate Cohen-Macaulay ring A c B c Q(A) 
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such that (a) B is module-finite over A, (b) dim B, = d for every maximal 
ideal P of B, and (c) mB c A. 
In this case B is uniquely determined by A and H;(A) = B/A. Moreover 
m = mB. We call B the Cohen-Macaulaytication of A. 
Proof of Theorem 1.1. Passing through A [XlmAIX1 where X is a variable 
over A, we may assume that the field A/m is infinite. Let a,, u2,..., ad be 
elements of m such that m’+’ = (a,,..., ad) m’ for some r> 0 (cf. [ 11, 
2.2 Theorem, Chapter 21). Recall that e(A) = e,(q) where q = (a,,..., ad). 
Now suppose that d > 4 and that our assertion holds for d - 1. Then, 
because A/u, A is a Buchsbaum ring with dim A/u,A = d - 1 and because 
e(A/u,A) = 2 by the choice of q = (a,,..., ad), we get 
h’(A/u,A) = 0 (i#O, l,d- 1) and h’(A/u,A) < 1. 
From this it follows that 
h’(A)=0 (i # 0, 1, d) and h’(A) < 1 
as h’(A/u,A) = h’(A) + h’+‘(A) f or every 0 < i Q d - 2 (cf. [6, (2.6)(4)]). 
Thus it suffices to prove the cases for d = 2,3. Of course we may assume 
that A is a complete local ring with depth A > 0 as A/Hi(A) is again a 
Buchsbaum ring (cf. [ 14, Korollar 131). Further we may assume that A is 
not a Cohen-Macaulay ring. 
Case d = 2. By Lemma 2.5 it suffices to prove the case A is an integral 
domain. Let B be the Cohen-Macaulayfication of A. Notice that B is a local 
ring in this situation. Let n denote the maximal ideal of B. First consider the 
following equalities 
44 = e.Aq) 
= e&7) (as Z,(B/A) is finite) 
= /A @I@) (as B is a Cohen-Macaulay A-module) 
= Z,(B/qB) . [B/n : A/m] 
=2 
and we get [B/n : A/m] < 2. If [B/n : A/m] = 2, then l,(B/qB) = 1 and so 
n = qB. By this we find that n = m and hence we get that h’(A) = 
f,(B/A) = 1 as I,.,(B/m) = l,(B/qB) = 2. Now suppose that [B/n : A/m] = 1. 
Because l,(B/qB) = l,(B/n) + I,(n/qB) = 2 we have l,(n/qB) = 1. Therefore 
m=qB as nImxqB and n#m. (For, if n=m we conclude by 
Nakayama’s lemma that A = B since A/m = B/n.) Hence Z,(B/m)= 
Z,(B/qB) = 2 and this implies that h’(A) = l,(B/A) = 1. 
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Case d = 3. We have already known that h’(A) + h’(A) = 1 by the case 
d = 2 because h’(A/a,A) =h’(A) $ h’(A). Hence it suffices to show that 
h’(A)= 0. Assume the contrary and we have that h*(A)= 1 and that 
h’(A) = ho(A) = 0. From them it follows that Z(A) = Cf=, (5) . h’(A) = 1 
and so we get that 3 <u(A)< 5 as e(A) t dimA tZ(A)- 1 = 5 in our 
situation. If v(A) = 3, A must be a regular local ring. If v(A) = 4, we get by 
Lemma 2.4 that A is a Cohen-Macaulay ring. Therefore we conclude 
v(A) = 5, i.e., A has maximal embedding dimension and we get m2 = qm. Let 
z = (a, > a*>. 
Claim 1. Z n m’ = Zm’- ’ for every integer t. 
ProoJ We may assume t > 2. Thus m’ = q’-‘m as m2 = qm. Let f be an 
element of Znm’. Notice that fE Zqfe2 as Ins’-’ =Zqfe2 by (4.6) of [6] 
and so we may express 
f= K,’ 
Inl=t-lsuc~hatn,+nz>O 
c,a:‘ai2a:3 
with c,EA. Let F,=aimodm2 (i= 1,2,3). Then F,,F,,F, are 
algebraically independent over A/m in the associated graded ring G(A) = 
Oiao mi/mit ’ of A because F,, F,, F, is a homogeneous system of 
parameters for G(A). On the other hand we see that 
K- c F”lF”=F”’ = 0 
n 1 2 3 
Inl=I-lsuchthatn,+n*>O 
by the equation (#) since fE m’ where C, = c, mod m. This implies that 
c, E m and so we get fE Zm’-‘. Thus we have Zn m’ = Zm’-’ as required. 
Let H(A, n) = Czo(dim,,, m’/m” ‘) . ni denote the Hilbert-Samuel 
series of A. 
Claim 2. 
1 +2n-n2 
fmn)= (1 +>3 = 1 + 5n + lln2 + 19n3 t . . . . 
Proof: We see by Claim 1 that F,, F, is a regular sequence of G(A) (cf. 
[ 171. Recall that a,, a2 is an A-regular sequence by Lemma 2.2 as 
depth A = 2:). Hence we get that H(A, n) = Z-Z@, n)/( 1 - n)‘, where A = A/Z. 
Of course A is a Buchsbaum local ring. We put rii: = m/Z, U = H:(z), and 
c = a3 mod I. Then U n rii* = (0) because +I2 = cti and because Un CA= (0) 
(cf. [ 141 or 16, (4.2)]). H ence as h’(A) = 1 we get that H(A, n) = 
H(A/U, n) + n. On the other hand it is easily computed that H(A/U, n) = 
481/74/2-I4 
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(1 + n)/(l - n). (Recall that z/U is a Cohen-Macaulay ring with 
multiplicity 2.) Thus we have 
WA n) = (l _ n)’ l *(+$+n) 
1 +2n-n2 
= (1 -n)’ 
as required. 
Now let us return back to the main proof. Because I(A) = 1 we find by the 
definition of Buchsbaum rings that 
~,@/(4, ai, 4)) = e,((ai, 4, a:)) + 1 
= 8 - e,(q) + 1 (##> 
= 17. 
Let J = (a:, a:, a:) and put B = A/J. We denote by n the maximal ideal of 
B. Then there exist two exact sequences 
O+ J/Jn m3 -+ m2/m3 -+ n’/n” + 0, 
O+Jnm3/Jnm4+m3/m4-+n3/n4-+0 
of vector spaces. As Jn m3 = Jm (this follows from the fact that the initial 
forms Fi’s of u;s are algebraically independent over A/m in G(A), cf. proof 
of Claim l), we get from these sequences that 
dim,,, n’/n” > 8 and dim,,, n’/n” > 4 
since dim,,,,, m2/m3 = 11 and dimA,,,, m3/m4 = 19 by Claim 2. Therefor as 
v(B) = v(A) = 5 we have that 
/,(B)>1+5+8+4=18. 
However this contradicts the identity (##). Hence we must have h’(A) = 0 
and this completes the proof of Theorem 1.1. 
COROLLARY 2.7. Suppose that A is u Buchsbuum local ring with 
multiplicity 2. If depth A > 0 the Rees algebra R(q) = ED)>,, qi is a Cohen- 
Mucauluy ring for every parameter ideal q of A. 
Proof: This follows from Theorem 1.1 and Theorem (1.1) of [6]. 
Proof of Corollary 1.2. We may assume that A/m is infinite. Let q be a 
parameter ideal of A such that m’+’ = qm’ for some r > 0. Let B denote the 
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Cohen-Macaulayfication of A. Then lA(B/qB) = 2 and so we get that 
m = qB as m 13 qB and as l,(B/A) = 1 by Theorem 1.1. Hence we see that 
m* = (qB)2 = q . qB = qm, i.e., A has maximal embedding dimension. As 
I(A) = d - 1 this is equivalent o the condition that v(A) = 2d. 
Remark 2.8. Let k be a field and R = k[[XI,...,Xd, Yl (d > 2) a formal 
power series ring over k. We put A = R/(X, Y2,..., X,Y2, Y’). Then A is a 
Buchsbaum ring with e(A) = 2, dim A = d, h’(A) = 0 (i # 0, d), and 
ho(A)=l.Howeverv(A)=d+l(d+2=e(A)+dimA+I(A)-landwe 
know that Corollary 1.2 is not true in general unless depth A > 0. 
Let G(A) = @i,o m’/m’+’ (resp. R(A) = Oiao m’) denote the associated 
graded ring (resp. the Rees algebra) of A and M (resp. N) the unique graded 
maximal ideal of G(A) (resp. R(A)). We denote by HL(G(A)) (resp. 
Hi(R(A))) the local cohomology modules of G(A) (resp. R(A)) relative to M 
(resp. N). Hb(G(A)) (resp. Hb(R(A))) are graded G(A)-modules (resp. 
graded R(A)-modules) whose graduation will be denoted by [Hb(G(A))], 
(rew. [H~(W))I,). 
COROLLARY 2.9. Suppose that A is a Buchsbaum local ring with 
multiplicity 2 and dim A = d > 2. Assume that depth A > 0. Then 
(1) HL(G(A)) = (0) (i# 1, d) and HL(R(A)) = (0) (i# 1, d + 1). 
(2) P,iAW))I, = (0) (n # 0) and P$(GWlo = #n(A)- 
P-%W))l, = (0) (n f 0) and P,XW))lo = W,,W. 
(3) G(A), and R(A), are Buchsbaum local rings of dimension d and 
d + 1, respectively. (Hence G(A), is again a Buchsbaum ring with 
multiplicity 2.) 
(4) The Hilbert-Samuel series H(A, n) of A is given by 
H(A, n) = 
1 + dn + ~~z2(-l)if’($ n’ 
(1 - n)d 
(A is not Cohen-Macauluy) 
l+n 
= (1 - n)d 
(A is Cohen-Macauluy). 
Moreover, if A = R/I where R is a regular local ring with maximal ideal n 
and I c n’, then In n3 = In and G(A) has a linear resolution over G(R) 
which is induced from that of A over R. 
Proof All the assertions on G(A) are obtained as a special case of 
theorems in [4]. The assertions on R(A) come from the next slightly general 
result. 
PROPOSITION 2.10. Let A be a Buchsbaum local ring with dim A = d > 2 
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and assume that H;(A) = (0) (i # 1, d). Suppose further that A has maximal 
embedding dimension. Then 
(1) Hh(R(A)) = (0)fir i # 1, d + 1. 
(2) [H,&(R(A))], = (0)for n # 0 and [H,#(A)>lo = H;(A). 
In particular R(A),,, is a Buchsbaum local ring with I(R (A),) = d 3 h’(A). 
Proof: We may assume that the field A/m is infinite and hence we can 
choose a parameter ideal 4 of A so that m* = qm. Let B denote the Cohen- 
Macaulayfication of A. We denote by S the Rees algebra of B relative to m 
where m is regarded as an ideal of B, i.e., 
Then R = R(A) is clearly a subring of S and S is module-finite over R. 
Moreover one has 
Claim. S, is a Cohen-Macaulay local ring of dimension d + 1 for every 
graded maximal ideal Q of S. 
In fact let P = Q n B. Then P is a maximal ideal of B and Q = (P, S,). 
Of course S, coincides with the Rees algebra of B, relative to the ideal mB, 
and because m2B, = qB, . mB, it is known that the latter ring is a Cohen- 
Macaulay ring of dimension d + 1 (cf. [7, Remark 3.101). As S, is the local 
ring of S, at the prime ideal QS, we get the required assertion. 
Recalling that NS c R we find by this claim that R, is a Buchsbaum local 
ring of dimension d + 1 with H;(R) = (0) for i # 1, d + 1 and that S, is the 
Cohen-Macaulayfication of R, (cf. Definition 2.6(2)). Assertion (2) is now 
trivial since Hi(R) = S/R. 
3. EXAMPLES 
Let k be a field and d > 2 an integer. 
EXAMPLE 3.1. Let K/k be an extension of fields with degree 2 and B = 
KUX, 7x2 ,..., X,1 a formal power series ring over K. We put 
A = {j-E B/f(O, 0 ,..., 0) E k). 
Then A is a Buchsbaum complete local domain with multiplicity 2, 
dim A = d, and depth A = 1. The ring B is the Cohen-Macaulaytication of A. 
Proof. See proof of [6, (5.6)]. 
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EXAMPLE 3.2. Let R = k[X, ,,,., X,, Y, ,..., Ydl be a formal power series 
ring with 2d variables over k and put 
A = R/(X, ,..., X,) n (Y, ,.a., YJ. 
Then A is a Buchsbaum local ring with multiplicity 2, dim A = d, and 
depth A = 1. The Cohen-Macaulayfication of A is given by B = 
kllx, ,X2,..., X,1 x k!Y,, Y2 ,..., Y,] in this case. 
Proof See [lo, p. 4691. 
Let R be a Noetherian local ring with maxima1 idea1 n and E a finitely 
generated R-module. We denote by R K E the idealization of E over R. Thus 
the additive group of R K E coincides with the direct sum of abelian groups 
R and E and the multiplication is given by (a, x)(b, y) = (ab, ay + bx) (cf. [9, 
p. 21). The ring R K E is again a Noetherian local ring with maxima1 idea1 
nxEanddimR~E=dimR. 
EXAMPLE 3.3. Let R = k!X, , X,,..., X,1 be a forma1 power series ring 
and let n denote the maxima1 ideal of R. We put A = R K n and B = R K R. 
Then A is a Buchsbaum ring with multiplicity 2, dim A = d, and depth A = 1. 
The Cohen-Macaulayfication of A coincides with B. 
ProoJ B is a Cohen-Macaulay ring as B is a free R-module. The 
extension A c B clearly satisfies condition (2) of Definition 2.6. Hence A is a 
Buchsbaum local ring with h’(A) = 0 (i# 1, d) and with B the Cohen- 
Macaulayfication. Moreover h’(A) = 1 as ZA(B/A) = /(R/n) = 1. On the 
other hand we see that A has maximal embedding dimension because m2 = 
W , ,..., X,)m. Hence e(A) = 2 as u(A) = 2d and as Z(A) = d - 1. 
EXAMPLE 3.4. Let B = k[X,,X, ,..., Xdpl, Yj be a formal power series 
ring with d variables and put 
A = k[X, ,..., X,-, , Y*, X, Y ,..., X,_ 1 Y, Y’]. 
Then A is a Buchsbaum ring with multiplicity 2, dim A = d, and depth A = 1. 
The Cohen-Macaulayfication of A is given by B. 
Proof. Because B = A + AY and mY c A, A is a Buchsbaum local ring 
with h’(A) = 0 (i# 1, d) and with B the Cohen-Macaulayfication (cf. 
Definition 2.6(2)). A has maximal embedding dimension as m2 = (X, ,..., 
X d-l, Y2)m. Hence e(A) = 2 as h’(A) = Z,(B/A) = 1. 
EXAMPLE 3.5. Let R = k[X,, X2 ,..., X,1 and S = k[lX, ,X, ,..., X,, Y] be 
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formal power series rings. Letf= Y + aY + b be a polynomial of Y with c1 E 
6 , ,..., XJR and b E (X, ,..., X,)*R. We put B = S/D and 
A=kix 1 Y***v xd, x1 y,-, x,.d 
in B where xi = Xi modjS and y = Y modjS. Then A is a Buchsbaum ring 
with multiplicity 2, dim A = d, and depth A = 1. B is the Cohen-Macaulay- 
fication of A. 
Proof. Because B = A + Ay and my c A, it follows from Definition 2.6 
that A is a Buchsbaum ring with h’(A) = 0 (i # 1, d) and with B the Cohen- 
Macaulaylication. h’(A) = I,(B/A) = 1 in this case. Moreover A has 
maximal embedding dimension as m* = (x , ,..., xd)m, and hence e(A) = 2 as 
v(A) = 2d and as I(A) = d - 1. 
Remark 3.6. Examples 3.3 may be obtained also by Example 3.5. For 
instance take a = b = 0 in Example 3.5. 
4. THE STRUCTURE OF BUCHSBAUM RINGS 
WITH MULTIPLICITY 2 
In this section we assume that A is a non-Cohen-Macaulay Buchsbaum 
complete local ring with multiplicity 2, dim A = d, and depth A > 0. (Hence 
h’(A) = 0 for i# 1,d and h’(A)= 1 by Theorem 1.1.) Let or,o2,..., cd be 
elements of m and suppose that m* = (a, ,..., ud)m. (This condition is always 
satisfied if the field A/m is an infinite field, cf. Corollary 1.2.) We put q = 
(a 1 ,*-*, ad). We further assume that the residue field k = A/m is contained in 
A. Let B denote the Cohen-Macaulayfication of A. The purpose of this 
section is to prove that A is k-isomorphic to one of the examples given in 
Section 3. 
First we note 
LEMMA 4.1. #AssA=#AssB. 
This follows from the fact that A and B have the common total quotient ring. 
PROPOSITION 4.2. Suppose that B is not a local ring. Then A is k- 
isomorphic to the example given by Example 3.2. 
Prooj By the choice of B the local ring B, is a Cohen-Macaulay ring 
with dim B, = d for every maximal ideal P of B (cf. Definition 2.6). Hence 
as A is complete and as B is module-finite over A we may express 
B=B,xB,x...xB, (s>2) 
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with B, Cohen-Macaulay local rings of dimension d. On the other hand 
e(A) = lA(B/qB) = 2 and so we get an equation 
2 l,4tBi/qBi) = 2* 
i=l 
This implies that s = 2 and that B, is a regular local ring. Moreover we have 
that # Ass A = 2 by Lemma 4.1 and that B coincides with the normalization 
2 of A (because it is normal). 
Let us express Ass A = { p, ,p2} and consider the following exact 
sequence: 
of A-modules. Notice that A/p, is a regular local ring because 
44 = e(A/p,) + e(A/pJ. 
Hence x = A/p, 0 A/p, and so we get B = A/p, 0 A/p,. Further we have 
that m = p1 @pz since lA(A/p, + p2) = IA(B/A) = 1. It follows from this fact 
that the ideals p, = m/p, and p2 = m/p, are generated by d elements respec- 
tively, say pI = (x1,..., 4 and p2 = (y 1 ,..., yd). Let R = k!X, ,..., X,, 
Y , ,-*-, Yd[ be a formal power series ring with 2d variables over the field k 
and letf: R -+ A denote the k-algebra map such thatf(Xi) = xi andf(Yj) = JJ~ 
for every 1 < i, j Q d. Then the map f is clearly epimorphic as m = (x, ,.,., xd, 
y, ,..., yd) and it is easily checked that Kerf= (X, ,..., X,) n (Y, ,..., Y,). 
Hence A is k-isomorphic to the example given by Example 3.2. 
PROPOSITION 4.3. Suppose that B is a local ring and let n denote the 
maximal ideal of B. If A/m #B/n, then A is k-isomorphic to the example 
given by Example 3.1. 
Proof Because e(A) = l*(B/qB) = 2 we get &(B/qB). [B/n : A/m] = 2. 
Therefore [B/n : A/m] = 2 and n = qB. Hence we have that n = m = qB. In 
particular B is a regular local ring and so we may express B = 
KUa,, a2,..., adI for some coefficient field K. (Of course one may choose K 
so that K ZI k.) Let b E K such that K = k + kb. Then by virtue of 
Nakayama’s lemma we get B = A + Ab and hence m = qB = (a,,..., ad, 
a, b,..., a,b)A. This guarantees that 
A = k[a, ,..., ad, a,b ,..., a,bl 
= {j-E Blf(0, O,..., 0) E k}: 
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PROPOSITION 4.4. Suppose that B is a local ring with maximal ideal n 
and assume that A/m = B/n. Then 
(1) e(B) < 2. 
(2) If e(B) = 2, A is k-isomorphic to the example given by 
Example 3.5. 
(3) If e(B)= 1, A is k-isomorphic to the example given by 
Example 3.4. 
ProoJ: As Z,(B/qB) = lA(B/qB) = e(A) = 2 we see e,(qB) = 2 and this 
implies e(B) < 2. Notice that n # m because A/m = B/n and we get 
lA(B/m) > 2. Hence we have that m = qB and that f,(n/m) = 1. Let b be an 
element of n not contained in m. Then n = m + Ab and B = A + Ab (since 
b &A). Therefore we see that 
m = qB = (a, ,..., ad, a, b ,..., a,b)A and n = (a, ,..., ad, b)B. 
Claim. b2, b3 E m. 
In fact, if b2 @ m, then n = Ab2 $ m and so n = n2 + m. This implies by 
Nakayama’s lemma that n = m and so we conclude that b2 E m. That b3 E m 
is now trivial as m = mB. 
Suppose that e(B) = 2 and put R = kla,,..., adI (cB). Then B is a free R- 
module with { 1, b} an R-basis and so we have a unique relation b2 t c, b + 
c2 = 0 with ci E R. Because e(B) = 2 it is clear that ci E (a, ,,.., a,)R, c2 E 
(a 1 ,*--, a,)2R, and B = R [Yg/(Y’ t ci Y t c2) where Y is an indeterminate 
over R. Hence assertion (2) follows from the fact that 
A = k[a, ,..., ad, a, b ,..., a,bl. 
Now let us consider assertion (3) and suppose that e(B) = 1. Then 
v(B) = d as B is a regular local ring and hence we may assume without loss 
of generality that ad E (a, ,..., ad-, , b)B because b @ m = qB. Let Z = 
(a I ,..., ad- ,)A and put B= B/IB. Then as e,-(a,g) = 2 we get that q E ti2, 
where fi = n/ZB and & = ad mod IB. Hence ad E n2 t IB. On the other hand 
we have n2 = 12B + Ib . B + b2B since n = IB + bB and this implies that 
n2cI+Ib+Ab2+Ab3 because B=A tAb. Hence we conclude that a,E 
Z +Zb + Ab2 + Ab3 and so we further get that a,b E Ib t Ab2 t Ab3 as 
6’ E A by the claim. Now recall that m = qB = IB + a,B and we see that 
m=I+Ib+a,A+a,b.AcI+Ib+Ab2+Ab3. 
Therefore we have that m =Z + Ib t Ab2 + Ab’ since b2, b3 E m by the 
claim and since Ib c m, i.e., 
m = (a, ,..., adpI, b2,a,b ,..., a,-,b, b3)A. 
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This guarantees that A = k[ar ,..., ad-r, b*, a,b ,..., ad-,b, b3i c B = k[a, ,..., 
ad-r, bl and we have completed the proof of assertion (3). 
We will close this paper with the following 
Remark 4.5. Suppose that A is not a reduced ring. Then A is k- 
isomorphic to the example given by Example 3.3. 
Proof: As B is not reduced it must be a local ring (cf. Proposition 4.2). 
We get by Proposition 4.3 that A and B have the common residue field and 
finally by Proposition 4.4 we find that A is k-isomorphic to the example 
given by Example 3.5. Let us preserve the notation of Example 3.5, i.e., B = 
kUX, , X, ,..., X,, Y]/(Y’ + UY + b) with a E (X1,..., X,)R and b E 
(X 1 ,..., X,)*R. Then because B is not a reduced ring we see that Y* + UY t b 
is a square, i.e., Y2 + UY + b = (Y t c)’ for some c E (X1,..., X,)R. We put 
Z = Y t c. Then B = k[X,, X2 ,..., X,, Zn/(Z’) clearly and A = k[x, ,..., xd, 
xlz ,..., xdz], where z = Z mod Z*. Thus A is k-isomorphic to the example 
given by Example 3.3. 
Note added in proof. M. Steurich has independently discovered Proposition 4.2 and 
Remark 4.5 for homogeneous Buchsbaum rings over algebraically closed fields. See [ 131 for 
his discussion. 
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